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1. History of SVM.

2. First idees. What’s the problem to solve?

3. Linear separable vs non-linear separable data.

4. Principles of SVM.

5. Kernel functions.

6. Others: Application in R, Comparison with 
Logistic regression, Multiclass problem.



History of SVM
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• Origin: SVM was first introduced in 19921 (developed at AT&T Bell 
Laboratories by Vladimir Vapnik with colleagues)

• Task: Related to statistical learning theory2 (supervised learning)

• Purpose: Machine learning method that can be employed for both 
classification and regression.

• SVM becomes popular because of its success in handwritten digit 
recognition.

• SVM is now regarded as an important example of “kernel methods”, 
one of the key area in machine learning.

[1] B.E. Boser et al. A Training Algorithm for Optimal Margin Classifiers. Proceedings of the Fifth Annual Workshop on 
Computational Learning Theory 5 144-152, Pittsburgh, 1992. 

[2] V. Vapnik. The Nature of Statistical Learning Theory. 2nd edition, Springer, 1999.
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• In a 𝑝𝑝-dimensional space a hyperplane is a 
𝑝𝑝 − 1 dimensional subspace. 

• In two-dimensional space a hyperplane is defined by
𝛽𝛽0 + 𝛽𝛽1𝑥𝑥1 + 𝛽𝛽2𝑥𝑥2 = 0.

• Generally,
𝛽𝛽0 + 𝛽𝛽1𝑥𝑥1 + … + 𝛽𝛽𝑝𝑝 𝑥𝑥𝑝𝑝 = 0 (1)

defines a  𝑝𝑝 − 1 dimensional subspace in a 𝑝𝑝-dimensional 
space. 

• The hyperplane divides the space to two sides one in which 
(1) is greater than zero and the other when less than zero.

What is a hyperplane?



Hyperplane in 2 dimensions
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Problem to solve
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• We approach the two-class classification problem (a.k.a. non-
probabilistic binary partition) in a direct way:
o We intend to find a hyperplane that best separates the classes in 

the feature space (which can have lots of dimensions, even infinite).
o If we cannot, we get creative in two ways:

1. We soften what we mean by “separates” (soft margin)
2. We enrich and enlarge the feature space (kernel trick) so that 

separation is possible. 

Source: https://www.edureka.co/blog/support-vector-machine-in-r/

Linear Separable Data Non-Linear Separable Data 

https://www.edureka.co/blog/support-vector-machine-in-r/


Problem to solve. Kernel trick. Spoiler!!!
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Non-Linear Separable Data 
• Until this point, we were 

plotting our data on 2-
dimensional space (x vs. y).

• A simple trick would be 
transforming the two 
variables x and y into a new 
feature space involving a new 
variable z (3-dimensional 
space).

• In 3D, we can clearly see a 
dividing margin between the 2 
classes of data. Thus, we can 
separate the two classes by 
drawing the best hyperplane 
between them. 



Problem to solve. Kernel trick. Spoiler!!!
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Polynomial Kernel

Non-Linear Separable Data 

Source: https://www.youtube.com/watch?v=efR1C6CvhmE

https://www.youtube.com/watch?v=efR1C6CvhmE


Scenario: Linear Separable Data
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• We would score the classes as: -1 (purple) and 1 (blue).
• The 2-class linear classifier is:
• And the convention is: 

- if 𝑓𝑓 𝑥𝑥𝑖𝑖 > 0, 𝑥𝑥𝑖𝑖 is classified as +1
- if 𝑓𝑓 𝑥𝑥𝑖𝑖 < 0, 𝑥𝑥𝑖𝑖 is classified as -1
- On the fence (𝑓𝑓 𝑥𝑥𝑖𝑖 = 0), we flip a coin

𝑓𝑓(𝑥𝑥𝑖𝑖) = 𝛽𝛽0 + 𝛽𝛽′𝑥𝑥𝑖𝑖

There are infinite 
hyperplanes that 
can separate 
classes correctly 

Which is the optimal separating hyperplane?



Scenario: Linear Separable Data
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• The distance d𝑖𝑖 of each point 𝑥𝑥𝑖𝑖 to the hyperplane is defined as:

d𝑖𝑖 = 1
‖ ‖𝛽𝛽 2

𝑦𝑦𝑖𝑖 𝑓𝑓(𝑥𝑥𝑖𝑖)

where 𝛽𝛽 are the hyperplane coefficients, 𝑦𝑦𝑖𝑖 is the class of the object 𝑥𝑥𝑖𝑖 (i.e., 
-1 or +1), and 𝑓𝑓(𝑥𝑥𝑖𝑖) is the hyperplane function(i.e., 𝑓𝑓(𝑥𝑥𝑖𝑖) = 𝛽𝛽0 + 𝛽𝛽′𝑥𝑥𝑖𝑖).
• Note: d𝑖𝑖 is positive as the sign of 𝑦𝑦𝑖𝑖 and 𝑓𝑓(𝑥𝑥𝑖𝑖) are the same.
• (Awkward) Note: MLE in logistic regression fails in this scenario (linear 

separable data). Parameters converge to infinity.

𝒇𝒇 𝒙𝒙𝒊𝒊 > 𝟎𝟎

𝒇𝒇 𝒙𝒙𝒊𝒊 < 𝟎𝟎



Scenario: Linear Separable Data
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• The optimal separating hyperplane is the 
linear classifier that creates the largest 
margin M between the two classes. (a.k.a. 
the optimal-margin classifier).

• This leads to the following constrained 
optimization problem:

• A rescaling argument reduces this to the 
simpler form

which can be solved using techniques in 
convex optimization (Lagrange dual problem).



Scenario: Linear Separable Data
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• The solution of the problem is

where 𝑆𝑆 is the support set, which is composed 
by the set of points located in the margin (at 
least 1). 

• In the figure, the margin touches 3 points 
(vectors): 𝑆𝑆 = 3 support vectors.

• Solution are linear combination of the 
support vectors.

• The function svm() in R package e1071 
solves this problem efficiently

If 𝑛𝑛 ≤ 𝑝𝑝 + 1, we can 
always find a 
separating hyperplane.



Scenario: Linear Separable Data. Example
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𝑛𝑛 ≤ 𝑝𝑝 + 1: there is a 
separating hyperplane.
ALL: lymphoblastic 
leukemia (orange); 
AML: myeloid leukemia 
(blue)
SVM is popular in 
genomics. Alternative to 
logistic regression.



Problem to solve – remember!!
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• We approach the two-class classification problem (a.k.a. non-
probabilistic binary partition) in a direct way:
o We intend to find a hyperplane that best separates the classes in 

the feature space (which can have lots of dimensions, even infinite).
o If we cannot, we get creative in two ways:

1. We soften what we mean by “separates” (soft margin)
2. We enrich and enlarge the feature space (kernel trick) so that 

separation is possible. 

Source: https://www.edureka.co/blog/support-vector-machine-in-r/

Non-Linear Separable Data or Overfitting 

https://www.edureka.co/blog/support-vector-machine-in-r/


Scenario: Non-Linear Separable Data
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• Figure shows data in ℝ2 that are not linearly separable.
• The generalization to a soft margin allows points to violate their margin.
• The SMC solves:

where 𝐵𝐵 (budget) is the total amount of allowed overlap (tuning parameter).
• Same solution form as before, but the support set 𝑆𝑆 includes any vectors 

on the margin as well as those that violate the margin.

Soft-Margin Classifier (SMC)
• are the different blue lines.
• The bigger 𝐵𝐵, the bigger 𝑆𝑆

and therefore more points 
have a say in the solution.

• Bigger B means more 
stability and less variance. 



Both scenarios 
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We can reformulate the optimization problems in both scenarios as:

SVM Criterion as Loss Plus Penalty

Minimization of a loss (hinge loss)

• It is a piecewise linear 
function.

• Represents the cost for 𝑥𝑥𝑖𝑖
being on the wrong side of its 
margin.

• The cost would be 0 if it’s on 
the correct side.



Both scenarios 
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We can reformulate the optimization problems in both scenarios as:

SVM Criterion as Loss Plus Penalty

Penalty

• A large 𝜆𝜆 corresponds to large 𝐵𝐵.
• For separable data, the optimal separating hyperplane solution 

corresponds to the limiting minimum-norm solution as 𝜆𝜆 ↓ 0 (𝝀𝝀 = 𝟎𝟎).
• Links with other methods:

• The minimizer of the hinge loss is the Bayes Classifier.
• SVM has a connection with ridged logistic regression problem and 

also with LASSO penalty.



Kernel 
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Polynomial Kernel

Non-Linear Separable Data 



Kernel
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• We can use the solution for the optimal- and soft-margin classifier:

to reformulate the fitted hyperplane function at the 𝑝𝑝-dimensional vector 𝑥𝑥:

Note that we have deliberately replaced the transpose notation with the more 
suggestive inner product. It will be very convenient for using kernel 
functions to map 𝑥𝑥 in an enlarged space. 

• Kernel trick: We can compute inner products in a high dimensional 
space (enlarged space) i.e., compute every element in the kernel function 
without explicitly computing the whole dimensional transformation.

• Kernel functions make the cost of calculating these inner products in the 
enlarged space very similar to that of the original space.



Kernel  example: polynomial kernel
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Kernel  functions
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• Strategy for 𝑥𝑥 expansion:

1. Enlarge the space of 𝑥𝑥 by including transformations (e.g., 
𝑥𝑥12, 𝑥𝑥23, 𝑥𝑥1𝑥𝑥2, … ). Hence go from 𝑝𝑝-dimensional space to a P > 𝑝𝑝
dimensional space)

2. Compute SVM solution in the enlarged space in the same way as 
original. Convenient kernel functions exist to do just that.

3. This results in non-linear decision boundaries in the original space.

• Example:
Suppose we use (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥12, 𝑥𝑥22 , 𝑥𝑥1𝑥𝑥2) instead of just (𝑥𝑥1, 𝑥𝑥2). Then, the 
decision boundary (i.e., the fitted hyperplane function) would be of the form:

𝛽𝛽𝑜𝑜 + 𝛽𝛽1𝑥𝑥1 + 𝛽𝛽2𝑥𝑥2 + 𝛽𝛽3𝑥𝑥12 + 𝛽𝛽4𝑥𝑥22 + 𝛽𝛽5𝑥𝑥1𝑥𝑥2 = 0

This leads to nonlinear-decisions boundaries in the original space.



Kernel  functions
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For example, cubic polynomials to enlarge from 2 variables to 9

The SVM solution in the enlarged space solved the problem in the lower-
dimensional space.



Common Kernel  functions
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• Polynomial kernel
𝐾𝐾𝑑𝑑 𝑥𝑥, 𝑧𝑧 = 1 + ⟨𝑥𝑥, ⟩𝑧𝑧 𝑑𝑑

• Radial kernel
𝐾𝐾 𝑥𝑥, 𝑧𝑧 = 𝑒𝑒−𝛾𝛾 𝑥𝑥−𝑧𝑧 2

2

• Sigmoid kernel
𝐾𝐾 𝑥𝑥, 𝑧𝑧 = tanh(𝛽𝛽0𝑥𝑥′𝑧𝑧 + 𝛽𝛽1)

• Note: All those Kernels functions are positive semi-definite functions
and can be thought of as computing an inner product in some enlarged 
space.

• Now we can think the fitted hyperplane function at the 𝑝𝑝-dimensional 
vector 𝑥𝑥 using the kernel function:

𝑓𝑓 𝑥𝑥 = 𝛽𝛽0 + 𝑥𝑥′�
𝑖𝑖𝜖𝜖𝜖𝜖

�𝛼𝛼𝑖𝑖 · 𝐾𝐾(𝑥𝑥, 𝑥𝑥𝑖𝑖)



SVM with Kernel functions. Example 
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• The two graphs show SVM solutions 
with radial kernel.

• Top graph uses a larger penalty (𝜆𝜆, i.e., 
corresponds to large 𝐵𝐵) than the bottom 
graph.

• Soft (projected) margins are the dashed 
lines.

• Decision boundaries are the solid lines.
• Top graph:

o Some margin errors are committed, 
but the solution looks reasonable.

• Bottom graph:
o Decreasing 𝜆𝜆 (𝐵𝐵), overfits the data 

(a separate little blue island was 
created to accommodate the one 
blue point in a sea of brown).



Summary
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Pros
• Flexibility in choosing a kernel function (support any types of kernels).
• Good theoretical and empirical performance. Ability to work with highly 

dimensional spaces.
• It has a parameter to control the overfitting (𝐵𝐵).
• It is an optimization problem that always converges.

Cons
• It is terribly sensitive to noise. A few misclassified examples can decrease 

predictive ability.
• In principle, the original formulation only works for 2 classes.
• It does not provide probabilities. It is (in principle) solely deterministic. 

Probabilities based on distances can be found.
• Need to choose the kernel (and tune its parameters).
• Slow convergence for large 𝑛𝑛. It might take too long to converge 

• SVMs find optimal linear separator
• The kernel trick makes SVMs learn non-linear decision surfaces.



SVM with more than 2 classes (𝐾𝐾 > 2)
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One versus one (OVO) solution

1. Fit all 𝐾𝐾2 pairwise SVM solutions 𝑓𝑓𝑘𝑘𝑙𝑙 𝑥𝑥

2. Classify 𝑥𝑥∗ to the class that wins the most pairwise competitions.

• 𝐾𝐾 = 4 classes (different 
colors). 

• The new point (square) 
ends up assigned to the 
red class in 3 
comparisons; the green in 
2 and the black in 1. 

• Therefore, in the last 
graph, the point is 
assigned to class 2 (red).



SVM with more than 2 classes (𝐾𝐾 > 2)
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One versus All (OVA) solution
1. Fit 𝐾𝐾 different 2-class SVM solutions 𝑓𝑓𝑘𝑘 𝑥𝑥 ,𝑘𝑘 = 1, … ,𝐾𝐾 (i.e.. each class 

vs. the rest)
2. Classify 𝑥𝑥∗ to the class for each 𝑓𝑓𝑘𝑘 𝑥𝑥∗ is largest.

• Top row: the square is assigned to 
the black class (1) because in the 
comparison of “1 (black) vs. The rest” 
has a greater distance to the 
hyperplane than in the comparison of 
“2 (red) against the rest”.

• Bottom row: the triangle is allocated 
to the green class because in all 
comparisons is allocated to the “Rest” 
group. In this case, the green class is 
the smallest distance.

Which one to choose (OVA or OVO)?
• If 𝐾𝐾 is not too large, use OVO.
• svm function in e1071 package does 

OVO.
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