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Some introductory ideas and facts

What do we mean by STATISTICS?

Same question addressed at the
Royal Statistical Society (1838)

Do we have a unique answer?

Are we talking about a unique
discipline/profession?

Statistical Thinking provides a unifying set of general ideas and
specific methods relevant whenener appreciable natural
variation is present. 1

1Cox, Statistical Science: a grammar for research, Eur J Epidem (2017)



Some introductory ideas and facts

What do we STATISTICIANS do?
Collaborate with scientists in all the stages of
research, from planning to analysis:

Specifying questions that are worth an answer
Designing how to collect the data
Planning how to analyze the potential data
Analizing the collected data following the Statistical Analysis
Plan (SAP)
Providing insight into the conclusions
Identifying new ways of analysis if something went wrong in
the data collection

Developing new methods and theories

Sometimes the methods follow a mathematical theory
Sometimes we build new empirical models and validate them



Some introductory ideas and facts

The Seven Pillars of Statistical Wisdom

What these 7 principles say
What they have contributed
Why they were, and maybe
still are, revolutionary
ideas?



PILLAR 1. AGGREGATION

Pillar 1. AGGREGATION. The combination of
observations

The value of
targeted
reduction or
compression
of data



PILLAR 1. AGGREGATION

Pillar 1. AGGREGATION
Using DATA summaries such as sample means, weighted means,
least squares estimators, kernel estimators, · · · to gain
information

Why is this A REVOLUTIONARY idea? Because we can gain
information by descarding individual information

When averaging data we focus on a summary (sufficient
statistic) and:

The individuality of each observation is lost
The order in which the measurements were taken is not
considered
The different circumstances under which the data were
collected are not taken into account



PILLAR 1. AGGREGATION

What do you see?

Source: Daniel Gómez Lecomte

IT’S A DETAIL OF A PAINTING



PILLAR 1. AGGREGATION

What do you see?
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IT’S A DETAIL OF A PAINTING



PILLAR 1. AGGREGATION

Now?

Source: Daniel Gómez Lecomte
The individuality of each observation is lost
We gain information discarding individual details



PILLAR 1. AGGREGATION

Impression, soleil levant by Claude Monet (1872)

Source: Daniel Gómez Lecomte



PILLAR 1. AGGREGATION

The Average Man. Adolphe Quételet (1796-1874)

The Average Man would serve as
a typical specimen of a group
a representative summary for
comparative analysis
a tool to compare populations.

All sorts of criticisms:
this man would be a monster,
the likelihood of a person with
these features is extremely
low, · · ·

This has evolved to what is known
today as EXPECTATION

“Father” of BMI: Body
Mass Index
BMI=Weight(Kg)/Height(m2)



PILLAR 1. AGGREGATION

The Average Man. Francis Galton (1822-1911)
Galton took this idea a
step further, to nonquan-
titative data, constructing
“generic images”.



PILLAR 1. AGGREGATION

12 mathematicians in the National Academy of
Sciences (1884), picture by Raphael Pumpelly



PILLAR 1. AGGREGATION

Funes el memorioso (1942). J. L. Borges (1899-1986)
If general tendencies were to be revealed, the observations
must be combined

Ireneo Funes found after an
accident that he could
remember absolutely
everything. He could
reconstruct everyday in the
smallest details, but he was
incapable of understanding.
He was bothered that the dog
seated at 3:14 was the same
that the one standing up at 3:15

To think is to forget details,
generalize, make abstractions



PILLAR 1. AGGREGATION

Aggregation was a great achievement and still is.
To summarize the survival we aggregate data.

Kaplan-Meier survival estimator

G. Gómez and E. Cobo. Gastroentereologia y
Hepatología Continuada. (2004)



PILLAR 2. INFORMATION

Pillar 2. INFORMATION MEASUREMENT

The
diminishing
value of an
increased
amount of
data



PILLAR 2. INFORMATION

Pillar 2. INFORMATION

If we gain information by combining observations, how is this
gain related to the number of observations?

THE FACT IS: The amount of Information in a data set is only
proportional to √

n, not to the number n itself

Why was this idea REVOLUTIONARY?
If you want to double the accuracy of a research it is necessary
to quadruple the number of observations, despite being equally
accurate.

Information on the data can be measured and accuracy is
related to the amount of data



PILLAR 2. INFORMATION

The trial of the Pyx πνξις

Yearly procedure in the UK, since 1282, for ensuring that newly
minted coins conform to the required standard.

Trials in the full judicial sense: presided by a judge and with
expert jury of metallurgical assayers.

25,000 coins produced by the Royal Mint in 2017 were examined
January 30, 2018 by a jury al Goldsmiths’ Hall in London



PILLAR 2. INFORMATION

What does Pyx has to do with the Rule of √n?

pyx (πνξις): box where a
selection of coins is set
aside for testing

Monitoring quality control in a
production process
Contract between King and
Master of the Mint (MM): T =
target weight, R = tolerance, X =
coin’s weight
If X < T −R ⇒ MM pays a penalty
Weight Variability: Batches of 100
coins, Weight goal = 100T . What
should the tolerance be? 100R?
If 100X < 100T − 100R, MM pays a
penalty. This criterion benefited
MM. Why?
Rule of √n: appropriate tolerance
for a batch of 100 is 10R, not 100R



PILLAR 2. INFORMATION

Implications of the rule of √n

If you want to double the accuracy of a study it is
insufficient to double the efforts, you will have to quadruple
the number of observations. The second 20 observations
are not as informative as the ones first 20 despite all of
them, the 40, are just as accurate.√√√√Var(

n∑
i=1

Xi) =
√
nσ

Learning more is much more expensive than what you think.

The rule of √n is NOT ALWAYS valid. For example, in time
series serial correlation might reduces the effective sample
size



PILLAR 2. INFORMATION

Abraham de Moivre (1667-1754). Standard
deviation appears in Doctrine of Chances (1738)
Accuracy does not accumulate linearly with added data.

How did de Moivre got Normal approximation to binomial?:
Trying to compute binomial probabilities with a large number of
trials.

Z =
X − np√
np(1− p)

.



PILLAR 2. INFORMATION

Fisher Information, IX(θ), that X carries about θ

IX(θ) = Eθ

[(
∂

∂θ
log fX(X|θ)

)2
]

If the density changes rapidly with θ, the derivative will tend to
be large. The more sensitive this density is to θ the more
informative the data will likely be.

Magnificent statistical construct:

Varθ(θ̂UMV UE) =
1

IX(θ)

Reciprocal of IX(θ) gives the variance of the best estimator
(with minimum variance) that one can think of and sets a gold
standard for what we can attain through aggregation.



PILLAR 2. INFORMATION

Measurement of information: an exceptional
accomplishment, and still yielding fruits.... :
ARE: Asymptotic Relative Efficiency
ARE ≈ nRE

nCE
: compares two estimators for the same parameter in

terms of Sample Size.

ARE of using CE ver-
sus using RE quantifies
which event is more effi-
cient (carries more infor-
mation)

Gómez and Lagakos. Statistics in Medicine
(2013). Bofill and Gómez: Biometrical Journal
(2017), Statistics in Medicine (2019)



PILLAR 3. LIKELIHOOD

Pillar 3. LIKELIHOOD. Calibration of inferences
with the use of PROBABILITY

How to put a
probabilistic
stick to what
we do



PILLAR 3. LIKELIHOOD

Pillar 3. LIKELIHOOD and PROBABILITY
A measure without context is just a number. The context gives
the scale, helps calibrate and allows comparisons. In Statistics
we use a probability measure.

Why was this idea REVOLUTIONARY?

The probability as a way to calibrate inferences appeared in
the early XV IIIth century leading to the simplest form of
hypothesis tests.

Probability notion key to
Construction of hypotheses tests
Maximum Likelihood Estimation
Bayesian Estimation
...



PILLAR 3. LIKELIHOOD

Hypothesis Tests: Do the data in hand support or
contradict a theory or hypothesis ?

How do you answer the question?: Comparing the
probability of the data under different hypotheses.

Answer Bernoulli i Fisher: They pose a simple logical disjunction:
If the probability under a certain hypothesis H0 is very small

either an exceptionally rare chance has occurred
or the theory of random distribution is not true.

If the data were not the result of the random distribution
proposed in H0 , some other rule must govern.



PILLAR 3. LIKELIHOOD

John Arbuthnott (1667-1735): First Significance Test

Physitians and the Royal Society
Majesty, and Fellow of the College of 
Arbuthnott, Physitian in Ordinary to Her
in the births of both sexes. By Dr. John 

observ'dtaken from the constant regularity 
II. An argument for divine providence,

Dr. John Arbuthnott

, 186-190, published 1 January 1710271710 Phil. Trans. 
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Divine Providence: will al-
locate more boys than
girls at birth because
they are later exposed to
more accidents

Arbuthnott: Mathematician,
provocative writer, doctor of
Queen Anne d’England
H0: P (MAN)=P(WOMAN)
Observe more boys than girls
every year for 82 years in
London.
The probability under H0 is
1/282.
If data is not the result of a
random distribution, you have
to think that they are governed
by another rule



PILLAR 3. LIKELIHOOD

Ronald Fisher, Jerzy Neyman and Egon Pearson
(s. XX). Pioneers of Hypothesis Testing (HT)

Fisher: test of null hypothesis without specification of
alternative
Neymann and Pearson: formal theory of HT, explicit
comparisons of likelihoods under explicit alternative
hypothesis



PILLAR 3. LIKELIHOOD

Using probability to calibrate inferences has
been a gigantic success, and still yielding fruits....

Prob{X ≥ 1|M}(t) = Probability of at least one eruption of
Magnitude M in the next t years in Canary Islands. Model is
non-homogeneous Poisson process, estimation using ML

Teneguia eruption (M = 4) in 1971

P = Prob{X ≥ 1|M}(t) for

1 t = 1,M = 1 ⇒ 100P = 27%

2 t = 1,M = 4 ⇒ 100P = 3%

3 t = 20,M = 1 ⇒ 100P = 99%

4 t = 20,M = 4 ⇒ 100P = 53%

Sobradelo, R.; Martí, J.; Mendoza-Rosas, A.; Gómez, G. (2011) Natural hazards
and Earth system sciences



PILLAR 4. INTERCOMPARISON

Pillar 4. INTERCOMPARISON. Within-Sample
Variation as a Standard

How to use
internal
variation in
the data to
help in a
comparison?



PILLAR 4. INTERCOMPARISON

Pilar 4. INTERCOMPARISON
Statistical comparisons taking place uniquely in terms of the
available data

Why was this idea REVOLUTIONARY?

Due to the fact that statistical comparisons may be made
strictly in terms of the interior variation in the data, without
reference upon exterior criteria.

This idea is quite radical. The
ability to ignore exterior
scientific standards in doing a
“valid” test can lead to abuse in
the wrong hands, as with most
powerful tools



PILLAR 4. INTERCOMPARISON

Guinness beer, Gosset and Student

Student: William Sealy Gosset
(1876-1937). Trained in New College
(Oxford) in mathematics and
chemistry, employed by the Guiness
Company in Dublin.

He saw that statistics could be useful
to the brewery.

He visited Karl Pearson’s lab in
1906-1907 and read his works.

He was the first in giving a more
mathematical approach to
comparisons



PILLAR 4. INTERCOMPARISON

The Probable Error of a Mean

A really important point is that

t =
X − µ

S/
√
n

∼ tn−1

does not involve σ ⇒ All of the
Probability Statements involving
the ratio t, such as P-values or
confidence intervals, could be
made "interior to the data".



PILLAR 4. INTERCOMPARISON

Statistical Methods for Research Workers (1925)

Fisher view the problem in
terms of multidimensional
geometry and provided a fully
rigorous proof (Biometrika, 1915).
Fisher as well

deduced the
two-sample-t-test
found the distribution of the
correlation coefficient
derived most of the
artillery for the analysis of
the variance



PILLAR 5. REGRESSION

Pillar 5. REGRESSION. Multivariate Analysis,
Bayesian Inference and Causal Inference

How asking
qüestions from
different pers-
pectives can lead
to revealing
different answers



PILLAR 5. REGRESSION

Pillar 5. REGRESSION (Conditional Probability)

Asking qüestions from different perspectives can lead to
revealing different answers

Why was this idea REVOLUTIONARY?

1 The conditional probability will produce radically different
answers depending on how it is posed

2 Regression towards the mean paradox: extreme outcomes
tend to be followed by more moderate ones

3 The Rule of 3 fails to work in any situation where variation
and measurement error are present. Results will be
systematically biased



PILLAR 5. REGRESSION

Darwin and Galton
Letter of Darwin to
William Darwin Fox (1855).
I have no faith in anything
short of actual
measurements and the
Rule of 3
Darwinian theory of
natural selection:

Diversity needs to
increase
it needs population
stability

Francis Galton (1822-1911) solution to
Darwin’s problems.

Regression towards the mean
is not the result of biological
change, but consequence of
the imperfect correlation
between parents and
offspring,
Lack of perfect correlation is
necessary for Darwin’s theory
of natural selection. Rule of 3
does not work



PILLAR 5. REGRESSION

The anthropologist and the heights of the
skeletons
Deducing height H from a bone of length L:

The anthropologist has complete skeletons and measures
(Li, Hi)
Compute the averages mL and mH .
If Li/Hi is constant (= Q) and we apply the rule of 3:
mL/mH = Q and deduce correctly H = L ·Q

What happens when there is variability?
corr{L,H} = 0 ⇒ Ĥ = mH , ignoring L
corr{L,H} = 1 ⇒ Ĥ = L ·Q, the rule of 3 works
corr{L,H} 6= 0, 1 ⇒ what do you do in this case ?

Galton observes that
Prediction of H from L is different of
Prediction of L from H
no Prediction agrees with the rule of 3



PILLAR 5. REGRESSION

Consequences of Galton’s work

Correlation coefficient
Variance component models.

Machinery for multivariate analysis.

Bayesian inference (method of
inverse probability)

M. Jesus Bayarri (1957-2014)

Causal inference
Correlation does not imply causation
George Berkeley (1710): The connexion of ideas does not imply
the relation of cause and effect but only a mark or sign of
the thing signified



PILLAR 5. REGRESSION

Mortality of NBA Players. Cox’s Regression
3985 NBA players (46- 15):
481 active and 3504 retired
Height and ethnicity
associated to mortality:
Taller and African-
American players higher
risk of death. White and
small players live longer.
Tool to devise strategies
for health interventions and
proper allocation of
resources

Martínez, Langohr, Felipo and Casals. Appl. Sci. (2019)



PILLAR 6. DESIGN

Pillar 6. DESIGN. Experimental Planning and the
Role of Randomization

The essential
role of the
planning of
observations



PILLAR 6. DESIGN

Pillar 6. DESIGN
Broadly interpreted to include:

the Planning of observations
the implications for analysis of decisions and actions taking
in planning

Extraordinary role that randomization could play in the
inference (Charles Peirce and Fisher, s. XIX)

Planning of experiments as an ideal that can discipline our
thinking.

Why was this idea REVOLUTIONARY?
Multifactorial experiments allowing the separation of
effects and estimation of Interactions, contradicts centuries
of experiments.
Combination of analysis and logic was radically new.
Thinking about variability points toward the solution.



PILLAR 6. DESIGN

Gertrude Cox (1900-1978) and Sir David Cox (1924-)

Emphasizes randomization,
replication, and experimental
controls as essential proce-
dures in performing experimen-
tal studies.

The three roles of randomization
1 Device for eliminating biases
2 Basis for estimating standard
errors

3 Foundation for formally exact
significance tests.

Randomized clinical trials: gold standard of medical
experimentation



PILLAR 6. DESIGN

Where else is Randomization crucial?
Lotteries, of course !!!

Lottery in France established in 1757 to
support the Military School.
Lottos made 15 times a month.
Winning numbers published to permit a
check of the randomness of the draw

Social positives consequences of this lottery: It increased the
mathematical level in the population:

Players learn combinatory to assess the bets
Lottery managers had to educate the local operators so
that they could properly calculate the prizes



PILLAR 6. DESIGN

Experimental Design needed in:
clinical trials, agricultural experiments, experimental sciences,
monitoring the quality of a process, evaluation of policies, ...

Design plays also crucial role in observational studies where the
mere question: If we had the ability to generate data to address
the main question at hand, what data would you seek?

Experimental Design includes:
1 framing of questions
2 planning the experiments
3 determination of the size of a study
4 assigments of treatments
5 implications to make decisions and make interventions

and in all these cases a SAP: Statistical Analysis Plan is needed.



PILLAR 6. DESIGN

Randomization needed to obtain unbiased
effects. Towards a Therapeutic Vaccine for HIV

Y. Alarcón, K. Langohr, G. Gómez. Sur-
vival and Omics. Work in progress



PILLAR 7. RESIDUAL

Pillar 7. RESIDUAL. Scientific Logic, Model
Comparison and Diagnostic Display

How all these
ideas can be
used in exploring
and comparing
competing
explanations in
science



PILLAR 7. RESIDUAL

Pillar 7. RESIDUAL

Complicated phenomena may be
simplified by subducting the effect of
known causes, leaving a residual
phenomena to be explained.
It is by this process that science is
chiefly promoted

John F.W. Herschel
(1792-1871)

Why was this idea REVOLUTIONARY?

The statistical development of this idea lead to a powerful
scientific method that has changed the practice of science



PILLAR 7. RESIDUAL

We can learn by trying differente explanations
and then studying what remains to be explained.

Statistical Approach:
Describe the process that generates the data by a
hypothetical model
Examine the deviation of the data from that model by
means of:

1 Residual Plots
2 Statistical test comparing two nested models

Compare competing explanations in science by means of
probability and statistical logic



PILLAR 7. RESIDUAL

1. Residual Plots
Florence Nightingale (1820-1910) Polar Area Diagram



PILLAR 7. RESIDUAL

2. Statistical tests to compare two nested models

Likelihood Ratio Test
Neyman-Pearson Lemma allows the comparison of two
non-nested models if they are completely specified.

Important update: introduction of the parametric model

Pearson’s unspecified population
distributions f(x) replaced by
families f(x;φ) smooth on φ. doi: 10.1098/rsta.1922.0009

, 309-368222 1922 Phil. Trans. R. Soc. Lond. A
 
R. A. Fisher
 
On the Mathematical Foundations of Theoretical Statistics
 

Email alerting service
 herecorner of the article or click 

Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand

 http://rsta.royalsocietypublishing.org/subscriptions go to: Phil. Trans. R. Soc. Lond. ATo subscribe to 

This journal is © 1922 The Royal Society

 on 29 March 2009rsta.royalsocietypublishing.orgDownloaded from 

The generalized Likelihood Ratio Test: compare parametric
families to larger families that included the first.

Would the better fit of the larger family be sufficient to justify its
use?



PILLAR 7. RESIDUAL

Sir David Cox (1924-) and Partial Likelihood

Extensions of residual tests are not limited to parametric
models: only the additional portion needs to be
parameterized
The underlying model does not have to be simple, it can be
very flexible, does not have to belong to a parametric family
and does not have to be well specified.

Proportional Hazards Model
Hazard function = λ(t|Z) = λ0(t) exp{β1Z1 + . . .+ βpZp}

Hazard Ratio = HR = exp{β1Z1 + . . .+ βpZp}

Great impact in survival analysis and in many applications in
medicine



PILLAR 7. RESIDUAL

An instance in today’s statistics. Residual Analysis
with Interval–Censored Covariates
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ACTG359: Viral load as a function of waiting time since Indinavir failure

Topp and Gómez. Statistics in Medicine (2004). Langohr
and Gómez. Biometrical Journal (2014)



PILLAR 7. RESIDUAL Wrapping up

RESUMINT
1 AGREGACIÓ. Guany en informació
usant resums

2 INFORMACIÓ. Les dades porten
informació i es pot quantificar

3 VERSEMBLANÇA. Cal la
probabilitat per a calibrar les
inferències

4 COMPARACIONS sense recòrrer a
estàndars externs

5 REGRESSIÓ. Eines per anàlisi
multivariant, Inferència Bayesiana
i Causalitat

6 DISSENY. Rol essencial en la planificació i aleatorització
7 RESIDUS. Famílies estructurades de models i lògica
estadística per a escolir entre models



PILLAR 7. RESIDUAL Wrapping up

GRBIO TEAM https://grbio.upc.edu/en

MOLTÍSSIMES GRÀCIES

https://grbio.upc.edu/en


PILLAR 7. RESIDUAL Wrapping up

“Ho Ho Ho"? ... It’s the Null Hypothesis!!H0
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